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ABSTRACT 

Recently discovered spin-two mesons f ,  &, f '(l5OO), K**(14@) are  

considered as resonances i n  various systems containing two pseudoscalar mesons 

with appropriate quantum numbers. Making the  s ingle  channel approximat ion, 

exact N/D calculat ions are done by solving the  i n t e g r a l  equations with t h e  

help of matrix inversion method. The input forces due t o  exchanges of vector 

and spin-two mesons are taken i n t o  account. The input caupling constants given 

by experiments or SU(3) symmetry a r e  used. 

on the  in tegra ls ,  resonances are  Groduced i n  each of these systems at t h e  

By adjusting the s t r a i g h t  cutoffs  

experimentally observed posit ions,  and t h e  output coupling constants are 

obtained. A s  expected i n  such calculations,  the  output coupling constants 

c ~ m e  out t o  be l a r g e r  than the input ones. However, an i n t e r e s t i n g  feature  

is  found t h a t  the  hierarchy of t h e  coupling constants given by experiments or 

SU(3) symmetry is  maintained. 



I. INTRODJCTION 

Recent experiments have indicated exis tence of severa l  meson 

resonance having spin two and posit ive p a r i t y . ( l J 2 )  

p a r i t y  of f(1250) and k ( l32O)  have been r a the r  w e l l  es tabl ished,  

whereas f o r  If" (1405) and f '  (1500) these quantum numbers have been 

shown t o  be very l i k e l y .  These mesons have been found t o  decay i n t o  

several modes consis t ing of pseudoscalar (PS) and vector (V) mesons. 

There i s  a l s o  considerable support t o  t h e  assignment of these p a r t i c l e s  

t o  a reducible SU( 3) nonet. (3'4) 

a l s o  supported by rough bootstrap calculat ions.  '5,697) 

be of i n t e r e s t  t o  perform de ta i led  dynamical calculat ions of these 

systems. 

Among these,  spin- 

Existence of spin-two (T) mesons i s  

m u s  it seems t o  

A t  t he  very outset  it i s  c l ea r  tha t  even i f  we r e s t r i c t  ourselves 

t o  t h e  open channels only,this i s  going t o  be a complicated multichannel 

ca lcu la t ion .  Also some of t he  closed channels should be taken i n t o  

account since they  may help i n  narrowing the  predicted widths of t h e  

resonances. Besides, t h e  resonances are a t  f a i r l y  high energies, so  t h e  

i n e l a s t i c  e f f e c t s  may be qui te  important. However, f o r  t h e  sake of 

s impl ic i ty  we have done s ingle  channel ca lcu la t ions  f o r  some of t he  two 

PS meson systems i n  r e l a t i v e  D wave s t a t e s  and having t h e  lowest 

thresholds  f o r  t he  appropriate quantum numbers. Such a calculat ion can 

of course be improved i n  €he future  by including more PS meson channels 

and p a r t i c u l a r l y  channels containing two T'ector mesons or one vector and 

one PS meson. Within t h e  s ingle  channel approximation , however, we have 

solved the  problem by using the exact N/D method, s o  t h a t  t he  solut ions 

are independent of t h e  subtract ion point.  A s  t h e  exchanged p a r t i c l e s  a r e  
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p a r t i c l e  exchange poten t ia l s ,  one should consider forces  due t o  exchange 

of other possible mesonic resonances. In  f a c t  it i s  l i k e l y  t h a t  many 

resonances with J = 0 , 1 or 2- may e x i s t .  Out of these,  1 and 2- 

mesons happily cannot couple t o  two PS meson systems. Furthermore, f o r  

reasonable values of coupling constants,  one can v e r i f y  t h a t  forces  due 

t o  exchange of 0 mesons a r e  considerably weak. Hence they  can be 

neglected without a f fec t ing  the r e s u l t s  of t h e  present ca lcu la t ion  

s igni f icant  ly 

P + +  -I- 

+ 

(10) 

. ~ 

not Reggeized, the  usual divergence d i f f i c u l t i e s  occur which make t h e  

i n t e g r a l  equation f o r  N non-Fredholm type. 

introducing s t ra ight  cutoffs  which a re  adjusted t o  y i e l d  resonances at 

t h e  given experimental masses. The equations a r e  solved by t h e  matrix 

These are met with by 

inversion method described i n  d e t a i l ,  f o r  example, by Fulco, Shaw and 

( 8) Wong . 
For the  input forces,  we use t h e  s ingle  p a r t i c l e  exchange diagrams 

involving both V and T mesons which a r e  under study. ( 9 )  Input masses 

and coupling constants are taken from experiments whenever ava i lab le .  

For coupling constants not avai lable  i n  t h i s  manner t h e  values given by 

SU(3) symmetry a re  used. We have not made any attempt t o  bootstrap t h e  

system. 

past  experience with mesonic systems, where t h e  output widths or 

coupling constants come out t o  be much l a r g e r  than any r e a l i s t i c  input 

ones. W e  a r e  r a t h e r  in te res ted  i n  predict ing output values of coupling 

This seems t o  be ra ther  a remote p o s s i b i l i t y  i n  view of t h e  

constants f r o m  reasonable values of the  input constants.  

For t h e  sake of completeness, even within the  framework of s ingle  
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With the  above remarks we now turn t o  the  d e t a i l s  of t h e  ca lcu la t ion .  

I n  Sec. 

general  expressions f o r  Born terms tihe t o  exchange of 1- and 2 

11, i n  order t o  avoid repe t i t ions  f o r  each case, we give 
+ 

mesons 

i n  t and u channels fo r  t he  s channel e l a s t i c  s ca t t e r ing  of two PS 

mesons of masses r q  and I-Q (only such processes are considered i n  t h e  

present work). In  Sec, I11 we consider i n  t u r n  various PS meson 

systems i n  d i f fe ren t  I - spin and re la t ive  D wave states. The spin two 

mesons have been considered as resonances i n  two PS meson systems having 

t h e  lowest thresholds for t h e  appropriate quantum numbers and which 

appear t o  have strongest couplings t o  t h e  resonances e i t h e r  on experimental 

grounds o r  from t h e  point of view of SU(3) symmetry. 

regarded P as a resonance i n  I = + K - n system, f i n  I = o n - 
system and f' i n  I = 0 K - system. For A2 we have considered both 

I = 1 7 - n and K - Z systems separately.  The relevant crossing matrix 

elements and coupling constants a r e  given f o r  a l l  t h e  cases.  

Sec. It 

i s  found t h a t  by employing cutoff energies of about 25 t o  45 m n , i t  i s  

p ~ s s i b l e  t~ -,rs$xe all t h e  e,qeriEen+ally n h s e ~ ~ e d  resnnances in these 

systems. A s  expected, t h e  output widths or  coupling constants are much 

l a r g e r  than t h e  input ones. However t h e  hierarchy of these  seems t o  be 

Thus we have 

In  

IV the  solut ion of N/D equations and resul ts  are discussed. 

maintained. 

channels not considered e x p l i c i t l y  and couplings t o  channels containing 

vec to r  mesons. 

Some remarks are a l s o  made regarding the  other  PS meson 
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11. 'BORN TERMS: GEPXERAL CASE 

Consider t h e  e l a s t i c  s ca t t e r ing  of two pseudoscalar mesons of 

masses y and IT&. A s  usual w e  define the  R = 2 p a r t i a l  w a v e  

scatterin@; amplitude f r e e  from k i n e m t i c  s i n g u l a r i t i e s  and having t h e  

cor rec t  threshold behavior by 

where T(S) i s  t h e  conventional T-matrix element and t h e  normalization i s  

such t h a t  the u n i t a r i t y  r e l a t ion  i n  t h e  e l a s t i c  s ca t t e r ing  region becomes 

W e  assume tha t  (2)  holds good up t o  t h e  cutoff value of d .  

The momentum q and the  invar ian ts  t and u are given by 

s2 = [ s - (m + ] [ s - (4 - =)2 ]b 
t = - 2q2 (1 - e )  (3)  

2 u = 2~ + 2m2 - s + 2q2 (1 - cos e)  

+ ( 1 2 4 3 )  Now we give t h e  Born terms due t o  exchange of 1- and 2 mesons. 

Our notation i s  as follows: In t h e  Born terms , T i nd ica t e s  the 
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+ 
2 

5 
(i) 

resonance i n  the  s - channel M t h e  exchanged p a r t i c l e  ( o r  mass) and 

and w the  ex terna l  PS mesons. 

Vector meson exchange i n  t - channel: 

J 

Here we have 

CT denotes the  product of the relevant coupling constants and 
M t ” l  Q? 

t h e  crossing matrix element. 

following sect ion.  

(ii) 

This w i l l  be given f o r  each case i n  the  

Vector meson exchange i n  u - channel: 

where 
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Mu2 - 2% - 2m2 + s 
e = - l t  

2s2 

(iii) Spin-two meson exchange i n  t - channel: 

where 

IN2 + w2 
s2 

b = l +  

2m2 )(l+-) 
s2 s2 

2 
c = (1 +-  2m1 

( i v )  Spin-two meson exchange in u - channel: 

I n  t h e  above expressions Q ‘ s  a r e  the usual Legendre polynomials of the 

secondkind. Having considered the Born terms for the  general  case, we 

now proceed i n  the  next sect ion t o  disauss the N i c u l a r  cases. 

a ~ 



111. CROSSING MATRIX EUMENTS AND COUPLING CONSTANTS 

Before discussing t h e  a c t u a l  cases, it w i l l  be usefu l  t o  note c e r t a i n  

r e l a t i o n s  between various coupling constants (14) t h a t  w i l l  be needed i n  t h e  

following . 
A s  i s  wel l  known, t h e  V - PS - PS meson coupling constants i n  t h e  l i m i t  

of exact SU(3) symmetry are re la ted  by 

Input values f o r  g 

resonances. 

e f f e c t s  i n  (14) do not seem t o  be important. 

of t h e  w - qj system can be coupled t o  two PS mesons, it has been considered 

t o  be t h e  exchanged p a r t i c l e  i n  t h e  following with a mass given by t h e  

Gell-Mann- Okubo mass formula. 

and %*Kn are taken from experimental widths of these  
P == 

For other coupling constants (14) i s  used since symmetry breaking 

Since only  the  oc te t  component 

Among others,  Glashow and S O C O ~ O W ( ~ )  have pointed out t h a t  the spin-two 

mesons can be assigned t o  a reducible nonet of SU(3) i n  which K** and & are 

members of oc te t  and f and f' are  mixtures of t h e i r  s ing le t  and oc te t  components. 

Since only symmetric coupling is allowed, one obtains f o r  the 'pure  o c t e t  

s t a t e  s , 
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For the mixed f and f s ta tes ,  following GS we have 

(16) 
2.1 : 0.3 : 20.8 : 9.9 

are taken from the  2 2 2 
Input values f o r  ~y ,  YK**K,, yA2e  ' Y&nT 
experimental widths avai lable  a t  present. For other  coupling constants 

(15) and (16) a r e  used. 

e f f e c t s  m y  be important but for tunately as we shall see i n  the following, 

I n  th i s  case, however, symmetry breaking 

t h i s  does not a f f e c t  our major conclusions. 

i n  d i f fe ren t  two PS meson systems., 

(a) K** (1405) (I = h  K - n channel) 

Now we consider resonances 

I n  t h i s  case p, f and f can be exchanged i n  t channel while K* 

and K)c* occur i n  the u channel. The IC' f ac to r s  are given by the  

following : 
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Effects  of f' exchange are neglected as it seems t o  be extremely 

weakly coupled t o  n-n system, besides being of higher mass. 

it can be seen t h a t  i t s  contribution w i l l  be l e s s  than lo$ of t h a t  due t o  

the  f exchange. 

( b )  & (1320) ( T  - n ;channel) 

From (16) 

Here we have t o  consider only exchange of f i n  t channel and A2 

i n  u channel. For t he  C I S  we have 

Again contribution of 

( c )  A 2  (1320) (1 .= 1 

f' i s  neglected. 

K - K channel) 
- 

Vector mesons p and W 8  as  wel l  as f ,  f' and A 2  can be exchanged i n  

t channel. Again C ' s  a re  given by 
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( d )  f (1250) (I = 0 n - n  channel) 

I n  t h i s  case p and f exchanges give 

f -  2 
C p m  - *  g p m -  

f = - y  2 2 
cfm 3 fm 

( e )  f' (1900) (I = 0 K - channel) 

The C ' s  due t o  exchanges of p , 08, f f ' and A2 a r e  given by 

f' 2 
C& = 3  yfKE 

f' - 2 
'A,& 2 Yi2KE2 
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I Using r e s u l t s  of t h e  present and the  last  section, Born terms f o r  a l l  

t h e  processes under consideration are obtained. In all the  cases the r e l a t ive  

signs of the  coupling constants given by SU(3) symmetry are used. 

N/D equations are discussed i n  t h e  following sect ion.  

The r e su l t i ng  
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IV. SOLUTION OF N/D EQUATIONS AND RESULTS 

Writing A ( s )  = N ( s ) / D ( s )  we  have t h e  usual  equations f o r  N ( s )  and 

D ( s )  : 1 

D(s)  = 1 - 

where B ( s )  i s  t 

t r a c t i o n  point, 

S 

ds ' qf5N( s I )  
C 

TT 
s t h  Js' ( s '  - so)  (SI - s )  

Le Born term and SO, sth and s are respec,,vely t h e  sub- 

threshold and cut o f f .  I n t e g r a l  equation (22) i s  of t h e  

C 

( 8 )  Fredholm type and can be solved by employing t h e  matrix inversion mthod .  

Using the  Born terms given above we have solved the  set of equations (22) 

and (23) numerically. 

f o r  output cross  sec t ion  versus s yielded a peak at t h e  experimental 

value f o r  the resonance. The ha l f  widths at half  t he  maximum on each 

s ide  of the  peak were then evaluated. Since f o r  a wide resonance t h e  

pos i t ion  of peak i n  the  cross - sec t ion  may be considerably d i f f e r e n t  

from t h e  z e r o  of D( s) , cutoff 

a t  t he  posi t ion of resonance and the  out-put coupling constant w a s  

obtained by taking the  der ivat ive of D( s) a t  t h e  pos i t i on  of i t s  zero.  

It w a s  found t h a t  t h e  values of cutoffs  required i n  the t w o  cases were 

s l i g h t l y  different  but t he  output values of t h e  coupling constants  or  

widths were not  appreciably d i f f e ren t .  

For each case the  cutoff w a s  var ied  till the curve 

w a s  a l s o  var ied  till D( s f )  developed zero 

Numerical accuracy of t h e  E t h o d  
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was t e s t e d  by ver i fying t h e  s t a b i l i t y  of t h e  r e s u l t s  t o  t h e  va r i a t ion  of 

t h e  mesh s i ze  used t o  solve (22) and t h e  subtract ion poin t .  Some of t h e  

r e s u l t s  are given i n  Table I. 

From t h e  r e s u l t s  we can see t h a t  s t rongly  a t t r a c t i v e  forces  do 

e x i s t  i n  these  systems and by employing cutoff energies  of about 25 t o  

45 %, it i s  possible t o  produce experimentally observed spin-two 

resonances. 

experimental widths. I n  f a c t  i n  such a crude one channel model with 

e l a s t i c  uni tary,  one can hardly expect t o  ge t  b e t t e r  r e s u l t s  than t h e  

corresponding calculat ions f o r  vector mesons, where la rge  out-put widths 

a r e  found. On the  other  hand it i s  in t e re s t ing  to note t h a t  t he  

hierarchy of widths or coupling constants given by experiments or SU(3) 

seems t o  be maintained i n  our model. 

However the  predicted widths a r e  much l a r g e r  than t h e  

For example, for t h e  pure octet  states, (15) gives 

Ekpei7iiiieiital situation regzrding the  p . r t . ia l  decay widths of & -, 

% i s  not c lea r  a t  t h e  moment. 

and 

However, these  are ce r t a in ly  less than  
e i n  

a t  present  (0.03) we obtain y 

value given by S U ( 3 )  (0.06) the  t w o  become comparable, but s t i l l  l e s s  

t han  Y p K n  (of  course these  r e su l t s  m y  be modified i n  a two channel 

% - Kk ca lcu la t ion) .  

the smaller value given by experiments 

< y A 2 ~  whereas f o r  t he  l a r g e r  input 
A2% . If we use for y 

out 
r P + K n  

&rln 

out 

The input width of e-'' + Krr w a s  at f i r s t  assumed 
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t o  be 75 Mev from GS. 

from SU (3)  ) . 
of t h e  above inequality.  

PS-PS meson coupling constants. This holds good i n  our model too.  

couplings of 

model predicts  t h a t  

We t r i e d  a l s o  a smaller width ( = 42 Mev given by GS 

Out by about 5$, thus improving t h e  v a l i d i t y  K H K I I  This increased y 

According t o  G S , y f ~  i s  t h e  l a r g e s t  of a l l  t h e  T- 

Regarding 

f '  the  experimental s i t u a t i o n  i s  again not c l e a r  b u t  our present 

a r e l a t i o n  which holds good i n  the  mixing model of GS! 

of y f , ~  a f fec ts  the  r e s u l t  given i n  Table I only s l i g h t l y . )  

(Increase of input value 

It should be noted 

t h a t  only t h e  r e s u l t s  f o r  a re  somewhat sens i t ive  t o  t h e  input 
A2nn " n d V A 2 E  

values of t h e  T-PS-PS coupling constants, most of which a r e  r a t h e r  poorly known 

at  present.  I n  t h e  f i r s t  case no known vector mesons (1-) can be exchanged and 

i n  t h e  second case t h e i r  contribution i s  small due t o  t h e  m u t u a l  cancel la t ion.  

Incidental ly ,  t h i s  f a c t  is  responsible f o r  giving the  output values of these  

coupling constants smaller than t h e  r e s t .  For t h e  other  cases vector meson 

exchanges give dominant contributions t o  the  value of Born terms i n  low s 

region and as a consequence give l a r g e r  output coupling constants.  

be s t ressed,  however, t h a t  vanishing of t h e  D funct ion i n  t h e  low energy region 

It must 

f o r  such low cutoffs is  possible e s s e n t i a l l y  due t o  t h e  la rge  contr ibut ion 

of t h e  spin-two meson exchange Born terms at high energies.  

Now f o r  some of t h e  other channels not considered above we wish t o  make 

4- t h e  following remarks. It can be shown t h a t  i n  I = 3/2  K - II(2 ) channel both 

p and K* exchange give r i s e  t o  strong repulsion and hence it w i l l  not be possible 

t o  produce K**. Thus our model strongly suppofis t h e  assignment I = 1/2 t o  K w -  
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Assuming isospin of K** t o  be 1/2, we note t h a t  in 'K - ll channel, K* exchange 

again gives r i s e  t o  a repulsive force.  Therefore a one channel calculat ion 

w i l l  not give any resonanceabut there  i s  a lower channel (K - II) and a two- 

channel calculat ion w i l l  most l i k e l y  give rise t o  a resonance. 

s ince t h e  force i s  a l s o  repulsive i n  the off-diagonal t e r m ,  a simple considera- 

t i o n  of the two channel N matrix suggests t h a t  Y ~ * ~ ~ ~  Out w i l l  qu i te  l i k e l y  t u r n  

From (15) one can see than  t h i s  out t o  be considerably smaller than  y 

i s  required by SU(3) symmetry. 

Furthermore, 

out  
K*)CKll' 

Apart from the  last  remark on K**, it i s  not c l e a r  how t h e  above r e s u l t s  

w i l l  be modified by a multichannel calculation. 

should take  i n t o  account not only more two PS meson channels, but a l s o  two V 

A more r e a l i s t i c  calculat ion 

mesons and one V and one PS meson. lnclusion of the  l a t te r  m a y  b r ing  noticable 

difference between couplings of f and f ' .  This is because of t h e  f a c t  t h a t  

t h e  charge conjugation invariance allows only t h e  antisymmetric coupling between 

t h e  o c t e t  V and PS mesons i n  t h e  2 s t a t e .  Hence these  cannot be coupled t o  
+ 

t h e  s i n g l e t  member of t h e  T - meson multiplet .  

I n  t h e  present calculat ion we adopted a very simple one channel model f o r  

spin two mesons. In s p i t e  of t h i s  w e  have been able t o  produce experimentally 

~ b s e x ~ e d  resem~cres  m d  &hain some in te res t ing  r e s u l t s  about the  coupling constants.  

That t h e  output coupling constants come out t o  be much l a r g e r  than  input ones i s  

a common disease of such calculat ions which we have not been able t o  correct .  

1 However, i f  some common mechanism such as long range repulsion due t o  the  crossed 

channel Regge t r a j e c t o r i e s  or  contributions of baryon-antibaryon intermediate 

states i s  successful  i n  reducing the  predicted coupling constants i n  such 

calculat ions,  then one can hope t h a t  again such r e g u l a r i t i e s  i n  hierarchy of 

coupling constants w i l l  be maintained. 

s i t u a t i o n  regarding couplings of spinrtwo meson resonances is  expected t o  become 

Fina l ly  we remark t h a t  t h e  experimental 
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c learer  in future.  

channel calculation for  these systems. 

Then it w i l l  be cer ta in ly  in t e re s t ing  t o  perform a multi- 



+ 
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3 .  This 

4. 

5 .  

6. 

7. 

8. 

9. 

l a r g e r  than  the  l a r g e s t  spin of t h e  exchanged p a r t i c l e s .  

10. This statement is made for  t h e  elementary p a r t i c l e  exchange. Recently 

G. F. Chew (UCRL - l6245) has made an in te res t ing  proposal t h a t  such 

Reggeized p a r t i c l e s  (probably unphysical give r i s e  t o  long range repulsion 

which may help i n  reducing t h e  predicted widths of mesonic resonances. 

have not considered such a poss ib i l i ty .  

W e  

11. Throughout we have used the  symbols for t h e  p a r t i c l e  and i t s  mass inter-  

changeably. s is  given i n  un i t s  of square of t h e  pion mass. 

In our conventions, t h e  T-matrix element f o r  spin two meson exchange i n  say 

t-channel i s  aiven bv 

12. 



yMtmlm3yMtm2q~4P2 ( cos 0, I I  

Mt2 - t 

apa r t  from cmssing matrix elements. 

13. 

u = 0 occur. 

t he  p a r t i a l  wave, we have subs t i tu ted  u = M2 (mass of exchanged pa r t i c l e2 )  

i n  such terms but  not i n  other  terms where u occurs. 

In obtaining u-channel Born terms, c e r t a i n  terms with poles a t  

To avoid t h i s  unwanted s ingu la r i ty  while project ing out 

14. 

example, t he  widths of p -, TT + n and f 

Our coupling constants are normalized i n  such a way tha t ,  f o r  

n + TT are given by 

SR" - 'pm 'R - -  1 - Yfm 
p - 3  411 7 '  r f - 1 0  4rr F 

2 3 2 

r 

q being the  c. m. momentum of t he  p a r t i c l e s  a t  the resonance. R 
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TABLE I - Results . 

Values of mass2 and cutoff are given i n  u n i t s  of m and width r i s  i n  n 
I Mev,GRin and GRout respect ively represent the squares of the relevant input 

and output T - PS - PS coupling constants. 

. 

%ot GRin Re sonance Mass2 cut off 

f0 (mr) 82.4 565 - 567 0.36 

A2 ( I l d  92. 1143. 107 0.03 

&(e) 92- 1135 42. 0.1 

, K** (Kn ) 103.1 2090. 231. 0.32 

f '(e) 118.2 885 - 186 0.21 

I 

K** (Kn ) 103.1 1230. 266. 0.18 

GRout 
2 .o 

0.75 

0.89 

1.1 

1.2 

1.4 


